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Motivation - Why VEM for crystalline Environments

• Crystalline environments are geometrically
heterogeneous

• Require partially higher mesh refinements to
maintain accuracy

⇒ Virtual Elements provide abilities to fit
grain-geometries perfectly [2]

Fig. 1 Micrographs of induction-
hardened steel-aluminum rods [1]
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Constitutive Framework: Basics

Based on multiplicative split
F = FeFp

→ Internal variables are the plastic shears γα

⇒ Plasticity is solved at intermediate config-
uration Be

Fig. 2 Mapping of crystallographic sys-
tem α by Fe and Fp ; Deformation map
ϕ : B0 × T → Bt
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Constitutive Framework: Dissipation

Dissipation postulate in Be
Dred

loc := Σe : Lp − ∂W (Ce ,q)
∂q · q̇ ≥ 0

• Σe - Mandel stress

• Lp - plastic part of gradient of velocity

Choice: W = W (Ce(q)) = µ
2 (Ie1 − 3) +

λ
4 (J2

e − 1)− (λ2 + µ)logJe
Ie1 = Tr[Ce ], Je =

√
Det[Ce ]

⇒ Dred
loc = Σe : Lp ≥ 0

Fig. 2 Mapping of crystallographic sys-
tem α by Fe and Fp ; Deformation map
ϕ : B0 × T → Bt
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Constitutive Framework: Evolution Equations

Evolution equations:

Lp = ḞpF−1
p =

∑
α γ̇

αmα

d
dtγ

α = sign(τα)γ̇0

(∣∣∣∣ ταταc
∣∣∣∣) 1

m
−1

(phenomenological)

d
dtτ

α
c =

∑
β hαβ γ̇

β(slip resistance)

hαβ = h0(γacc)(q + (1− q)δαβ)
mα = (QTdαe )⊗ (QTnαe )
τα = Σe : mα

Fig. 3 Mapping of crystallographic sys-
tem α by Fe and Fp ; Illustration of a
face centered cubic unit cell with slip
plane (111), rotated against global sys-
tem {E1, E2, E3}
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Constitutive Framework: Local and Global Update

• Local and global tangent
matrices and residuals are
computed by application
of automation based
differentiation with the
software tool AceGen [5]

• Exponential map is solved
via application of
closed-form matrix
exponential [6]
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Computational Approach: The Virtual Element Method

Fig. 4 A virtual element (left), its decomposition into faces (middle) and tetrahedrons (right)

Based on a split of the primary field: uh = Πuh + (uh − Πuh)
Projection operator Π defined such that:∫

Ωe
OΠuhdΩe

!
=
∫

Ωe
OuhdΩe ,

1
nv

∑nv
k=1 Πuh(X)

!
= 1

nv

∑nv
k=1 uh(X)
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Computational Approach: The Virtual Element Method

Fig. 4 A virtual element (left), its decomposition into faces (middle) and tetrahedrons (right)

Projected field is introduced by:
Πuh =

∑3
i=1(NΠ · ai )ei , NΠ = {1,X ,Y ,Z}, ai = {ai1, ..., ai4}

⇒ The degrees of freedom are introduced to be point-wise values at
the vertices of the element
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Computational Approach: The Virtual Element Method

Fig. 4 A virtual element (left), its decomposition into faces (middle) and tetrahedrons (right)

⇒ Split of potential Uh,e = (1− βe)We(Ouh|e)︸ ︷︷ ︸
consistency

+βe We(Ouh|e)︸ ︷︷ ︸
stabilization

Stabilization is computed on triangulated submesh (Fig. 4, right)
⇒ Plasticity is solved with regards to the consistency part and is
shared between the subelements
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Material Setup

Material data is partially taken from [3, 4]. FCC unit cell structure is
considered in all numerical studies.

Table: General material input data for the numerical studies

Quantity Description Value
ταc (t = t0) = τ0 Initial critical resolved shear stress 14 MPa

E Young’s Modulus 72, 000 MPa
ν Poissons Ratio 0.33
τs Saturation strength 100 MPa
m Power-law exponent 0.02
q Hardening-type parameter 1.4
γ̇0 Regularization rate 0.01 s−1

h0 Initial hardening modulus 5 MPa
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Representative numerical examples: Evaluation of βmin

FEM-H2 (Reference Solution) VEM-H1 ( βmin=0.01)

VEM-H1 ( βmin=0.001)
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Fig. 5 Contour plot of acc. plastic shear (left) and force-displacement curves (right)

βe = max{βmin,
τm

E γacc
}, τm = 1

n

∑n
α=1 |τα|

⇒ Degradation of βe → βmin accounts for an overstiffening of the
formulation due to plasticity (Reference FEM-H2)
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Representative numerical examples: Tensile tension Test

Fig. 6 Specimen (left), contour plot of acc. plastic shear, force-displacement curves for different approaches (right)

⇒ 80 virtual elements, tension in vertical direction
⇒ VEM-VO approach closely follows FM-O2 approach
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Representative numerical examples: Shear Test - Setup

Fig. 7 Gemoetric setup (left) and plate with imperfections (right)

120 polyhedral elements
Geometric parameters: L = 1, B = 1
Deformation on boundary: ubc = F̄Xbc − Xbc , F̄ = 1 + F̄klek ⊗ El ,
F̄23 = F̄32 = 0.25
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Representative numerical examples: Shear Test - Results
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Fig. 8 Contour plots of acc. plastic shear (a,b,c) and von Mises stress (d,e,f) during deformation
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Representative numerical examples: Shear Test - Maximum direction vectors

Fig. 9 Maximum direction vectors during the shear test in a polycrystalline (left) and a single crystalline setup (right)

⇒ Polycrystalline Setup - all slip systems maximal through domain
⇒ Single crystalline Setup - same slip systems in each element
maximized
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Representative numerical examples: 3D Grain-Assembly - Setup

Fig. 10 Grain-Assembly. Left: meshed by VEM-VO. Right: meshed by tetrahedral elements FEM-O1

⇒ Homogeneous shear by ubc = F̄Xbc − Xbc , F̄ = 1 + F̄klek ⊗ El ,
F̄23 = F̄32 = 0.1
⇒ Computational error EC evaluation
EC = | γ̄acc (Method)

γ̄acc (FEM-O2) − 1|, γ̄acc = 1
V

∫
B0
γaccdB0
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Representative numerical examples: 3D Grain-Assembly - Results

Fig. 11 Plot on computational error EC (left) and contour plot of acc. plastic shear (right)

⇒ VEM-VO outperforms FEM-O1 approaches even at highly refined
meshes (with respect to a FEM-O2 solution)

18 / 21

c©



Institut für
Kontinuumsmechanik Virtual Element Method for finite strain crystal plasticity
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Conclusion

→ A virtual element fits perfectly heterogeneous geometries in a
crystalline microstructure (VEM-VO)

→ For suitable, problem adapted, degradation of stabilization, VEM
follows closely higher order FEM-O2 approaches

→ VEM-VO demonstrates higher accuracy in comparison to (even
highly refined) FEM-O1 approaches

⇒ The virtual element method demonstrates a highly competetive
computational approach towards efficient treatment of heterogeneous
microstructures
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