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Motivation - Why VEM for crystalline Environments

Crystalline environments are geometrically
heterogeneous

Require partially higher mesh refinements to
maintain accuracy

Virtual Elements provide abilities to fit
grain-geometries perfectly [

20 ym

Fig. 1 Micrographs of induction-
hardened steel-aluminum rods [1]
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Constitutive Framework: Primary fields & governing equations

Introduction of primary variables:

R =1{u, .}
e= = (Vu—|— (Vu)T), E=_-vo, H= Vo
2 —_——— ——
strain electric field magnetic field

Grain-specific elastic energy function: = ¥, (e, E,H; R,)
Governing equations:

div (o) = 0 balance of linear momentum
div (D) = Q Gauss's law of electro-statics
div (B) = 0 Gauss's law of magneto-statics
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Constitutive Framework: Grain-specific elastic potential

. . . Grain Boundary
Assumption: Arbitrary rotated grains E&
1 _ ]
Yg = 3P G4 - P, P = vec{e,E,H} w YH
B
= (G:rg = R.GRp h2>
X € Bn
E;
. . ) i
MICFO meChamcal mOdU|US G[3] Fig. 3 Illustration of a face centered cu-
C _eT _qT :;t::jt{cél,’ é;faé:(; against the global
G=|-e —e -—-at
-q —a —p

Element residual & element tangent matrix are

computed via automated differentiation tool

. o 8’(/1 . DRe
ACEGENE: Re = 5708, Ke = 500y
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Constitutive Framework: Computational homogenization

Based on the fulfilment of Hill's condition:

(0:€)—(D-E)~(B-H) =5:6-D-E-B-H, () =()= 1 [,()aV

Yields macroscopic homogenized material matrix G:

¢ —&' g’
G=|-e —-& -at
-q —a —f
with
¢ — ) 9(D) a(B) oD) ~ _ 9B) - _ 9B

=50 T s 47 5E €7 e A= T BT SR
agd Dirichlet boundary conditions applied such that:
[P = 6im, i,m=(1,..,12)
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Computational Approach: The Virtual Element Methodjs)

Based on a split of the primary field:
]Rh =Rn+ (Ry— Rn) \ Rn : projected primary fields

At element-level:
Rn = Z?Zl (Nn «aiT) E; | with a; being the virtual parameters

N = {1, X, Y, Z}, collecting a constant and the node-coordinates

= a, are unknown, but needed for the global solution

’ = How to obtain a;? ‘
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Computational Approach: The Virtual Element Methodjs)

Introduction of two constraints to up:

1. fo, VRAdVe = [, YRydVe
2 2 320 Ra(X) = - 30, Ra(X)

From that, VR at element-level is obtained by:

_ 1 .
Vun = a1 2on.eq. Jog, Un © ndA
_ 1
vén = Il ZaQeeQe faQE opndA

1
ven = (12| Zaﬂeeﬂe faQE prndA
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Computational Approach: The Virtual Element Method

Fig. 4 A virtual element (left), its decomposition into faces (middle) and tetrahedrons (right)
= Split of potential
Uh,e - Wc,e(VRI'I‘e) + 5(Wc,e(v,}2h|e) - Wc,e(VRI'I|e))

consistency stabilization

Stabilization is computed on triangulated submesh (Fig. 4, right)
= Due to linear type of the ansatz: (-) = [(-)dV = V(.
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Numerical examples: 3D representative volume element (RVE)

Fig. 5 Artificially generated RVE: VE-Mesh (left), FE-Submesh (middle) and highly refined FE-Mesh (right)
RVE consists of 100 voronoi cells = 100 virtual elements

Submesh has same no. of DOF as VE-Mesh

Highly refined FE-Mesh has > 350k elements (tetrahedral)
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Numerical examples: Electro-mechanical coupled problems

e & )

G- [_é © | .[6],, = [ve(5.)],,.5 = (s, ).D = (Dlp)

with P, = (P) such that [Ism],. = djm = 9 independent simulations
Material | MP-ID Lattice Structure AU | Point Group
GaPOy4 mp-553932 | Orthorhombic 1.31 222
AIPO, mp-4051 Orthorhombic 1.22 222
MoS2 mp-1434 Trigonal 140.72 3m
BN mp-604884 | Hexagonal 244.58 6m2
BaNiO3z | mp-19241 Hexagonal 14.49 6mm

Tab. 1 Identification of materials used for studies on electro-mechanical coupled problems
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Numerical examples:
Electro-mechanical coupled problems — Computational error

[|(-)|Method

Ec= ey 1(102, with Method: FEM-O1, FEM-02, VEM-VO

-~ FEM-OI (fine)

FEM-O] (coarse)

==@-= FEM-Ol (fine) ===== FEM-O1 (coarse) ~=®-= FEM-O1 (fine) ===== FEM-O1 (coarse)
FEM-02 (coarse) VEM-VO s FEM-02 (coarse) VEM-VO  eeeee FEM-02 (coarse) VEM-VO
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Fig. 6 G: quasi-isotropic (left), mildly anisotropic (middle), highly anisotropic (right)
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Numerical examples: Macroscopic electro-magneto-mechanical
hybrid material

€ —&" -§"
Macroscopic: G = | —& —& —a'| = full coupled problem
-q —a  —p

Microscopic G = | —e —e 0 | withe#£0orq#0
-9 0 —pu

= No microscopic electro-magnetic coupling for the individual materials
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Numerical examples: 3D representative volume element (RVE)

Fig. 7 Artificially generated RVE: Composite microstructure. BaTiO3 (green) and CoFe; Oy (blue)
Different volume fractions for CoFe>;O4: 0.25, 0.5, 0.75

= macroscopic electro-magnetic coupling & # 0

Maximum magnitude of ||&|| is 103
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Numerical examples: Macroscopic electro-magneto-mechanical
hybrid material - parametric study on stabilization influence

Bopt = mﬂin{gc [VEM — VO (P, 8)]}

~-@-- VEM-VO (8= VEM-VO (8=0.1 . .
O (B=Bop) 0 (p=0.1) 035 ¥
-
. -
0.001 Eoa e
- B
5.x10 £ 025 Vs ]
2 L
g
1.x107* A i = 020 N s ]
§ 5.x107°F @ AN ~~ 2 LN
@ N oS \'/ “ & 015} @---0-=-@' v ]
N \ 3
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Fig. 8 £¢ versus material fraction P (left) and Bopt versus material fraction P (right)
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Conclusion

— VE-approaches have the advantage to fit grain-geometries perfect

— VE-approaches outperform linear FE-approaches at same no. of DOF at
homogenization procedures for all analysed degrees of elastic anisotropy and
all lattice structures (up to a maximum of 12 times less error)

— VE-approaches show also less error when compared to FE-approaches
with quadratic shape functions

= VE-approaches demonstrate high accuracy at small stabilization

influences for highly heterogeneous and anisotropic crystalline
microstructures
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Current Work: Periodic boundary conditions on
3D non-cuboid domains — Periodicity conditionjs]

Construction of periodic boundary conditions: x™ — x~ = Fy (X™ — X7)
— with {X*, X~} € B, (direct constrained nodes on the boundary) leads to
Aup. = Au,
Where: Au is the difference in displacement of nodes, constrained by Fy,
i.e. opposite corner-nodes for a cuboid
Where: Auy, is the difference in displacement of unconstrained nodes, laying
on the boundary of the domain, i.e. nodes on opposite faces for a cuboid
— For structured meshes: Node-to-node
— For unstructured meshes: Node-to-surface (interpolated displacement on
the particular face)
= Drawback for unstructured meshes: additional non-linearity because of
the interpolation
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Current Work: Periodic boundary conditions on
3D non-cuboid domains — Idea

Consider geometric periodic tesselation as RVE If the RVE has geometry
that is periodic:

552,

Each edge has to
s have another " pairing
edge”

o

Each corner-point has
to have matching
corner-points

Fig. 9 Stringing together periodic tessellated RVEs and one RVE Node-to-node
formulation

is possible
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Current Work: Periodic boundary conditions on
3D non-cuboid domains — Construction

Find physical "corner”-
nodes:

Add " artificial
corner’ -nodes

Constrain by Fy

Constrain remaining
boundary nodes s.t.
Aubc = AUC

Fig. 10 Physical (black) and artificial (orange) corner-nodes of the RVE
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Current Work: Periodic boundary conditions on
3D non-cuboid domains — How to evaluate?

Evaluate Hill's condition:

Isotropic material
(geometric non-linear)

[
0.605

E11 —

- (Fm) =Fum

b

o P,, = const.
applied

Fig. 11 Green-Lagrange Strain (E1; component) of the RVE

FM = 1+01€1®E1
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